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CHARACTERIZATION OF FINITE GROUPS GENERATED BY
REFLECTIONS AND ROTATIONS
CHRISTIAN LANGE
Abstract. We characterize finite groups G generated by orthogonal transformations in a
finite-dimensional Euclidean space V whose fixed point subspace has codimension one or
two in terms of the corresponding quotient space V/G.
1. Introduction
We call a finite group generated by reflections and rotations in a finite-dimensional Euc-
lidean space, i.e. by orthogonal transformations with codimension one and two fixed point
subspaces, a reflection-rotation group. We call it a rotation group if it is generated by rota-
tions. For a finite orthogonal group G acting on Rn the quotient space Rn/G inherits different
structures from Rn, e.g. a topology, a metric and a piecewise linear (PL) structure. It is easy
to see that G is a reflection-rotation group, if the quotient space Rn/G is a piecewise lin-
ear manifold with boundary and that in this case G contains a reflection if and only if the
boundary of Rn/G is nonempty (cf. Section 4). In this paper we show that the converse also
holds.
Theorem. For a finite subgroup G < On the quotient space Rn/G is a PL manifold with
boundary, if and only if G is a reflection-rotation group. In this case Rn/G is either PL
homeomorphic to the half space Rn−1 × R≥0 and G contains a reflection or Rn/G is PL
homeomorphic to Rn and G does not contain a reflection.
A partial result in this direction is contained in a paper by Mikhaîlova from 1984 [36].
In that paper the if direction of our result is verified for many rotation groups but only in
the topological category. Large classes of reflection-rotation groups are real reflection groups,
their orientation preserving subgroups and unitary reflection groups considered as real groups.
However, there are many more examples (cf. Appendix A), in particular, since a reducible
reflection-rotation group in general does not split as a product of irreducible components.
A complete classification of reflection-rotation groups has only been obtained recently [27]
based on earlier work by Mikhaîlova [33, 34, 35], Huffman and Wales [17, 18, 19, 47] and
others. It comprises both exceptional rotation groups and building blocks of infinite families
of rotation groups that are not considered in [36]. The largest irreducible rotation group
among them occurs in dimension 8. It is an extension of the alternating group on 8 letters
by a nonabelian group of order 27 and in a sense the largest exceptional irreducible rotation
group (cf. [27]). Reducible rotation groups that have not been studied in [36] occur, for
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2 CHRISTIAN LANGE
example, in the product of two copies of a reflection group W of type H3 or H4 due to the
existence of outer automorphisms of W that map reflections onto reflections but cannot be
realized through conjugation by elements in its normalizer.
We adapt some of the methods from [36] as to also work in the piecewise linear category
and describe new methods to prove the if direction of our result by verifying its conclusion
for all reflection-rotation groups. For instance, we apply a result on equivariant smoothing
of piecewise linear manifolds [25] and the equivariant Poincaré conjecture in the case n = 4
(cf. Section 6.3) and the generalized Poincaré conjecture in the case n > 5 (cf. Section 5.3).
In this way we moreover simplify the consideration compared to [36] and make the proofs
therein rigorous (cf. Sections 6.3, 6.7). Finally, in Section 7 we suggest an approach to prove
our main result that would essentially dispense with the classification of reflection-rotation
groups.
Notice that the only-if direction of our result does not hold in the topological category.
The quotient S3/P of a 3-sphere by the binary icosahedral group P < SO4 is Poincaré’s
homology sphere and it follows from Cannon’s double suspension theorem that its double
suspension Σ2(S3/P ) is a topological 5-sphere [6]. Therefore, the quotient space R2 × R4/P
is homeomorphic to R6, though P is not a rotation group. However, using this paper’s result
it can be shown that the binary icosahedral group is essentially the only counterexample to
the only-if direction in the topological category (cf. [24]).
Acknowledgements. I thank Alexander Lytchak for introducing me to the problem and
for helpful discussions. I thank the referee for carefully reading the paper and for making
valuable comments that helped to improve the exposition.
2. Notation
We denote the cyclic group of order n and the dihedral group of order 2n by Cn and Dn,
respectively. We denote the symmetric and alternating group on n letters by Sn and An.
Classical Lie groups are denoted like SOn and On. For a finite subgroup G < On we denote its
orientation preserving subgroup as G+ < SOn. In particular, we writeW+ for the orientation
preserving subgroup of a reflection group W .
3. Preliminaries
3.1. PL spaces and PL structures. We remind of some concepts from piecewise linear
topology. For more details we refer to [16] and [41]. A subset P ⊂ Rn is called a polyhedron
if, for every point x ∈ P , there exists a finite number a simplices contained in P such that
their union is a neighborhood of x in P . Every polyhedron P in Rn is the underlying space of
some (locally finite Euclidean) simplicial complex K in Rn [16, Lem. 3.5]. Such a complex is
called a triangulation of P . Conversely, the underlying space of a simplicial complex K ⊂ Rn
is a polyhedron. A continuous map f : P → Q between polyhedra P ⊂ Rn, Q ⊂ Rm is called
piecewise linear (PL), if its graph {(x, f(x))|x ∈ P} ⊂ Rm+n is a polyhedron.
A PL chart (P,ϕ) for a topological space X is an embedding ϕ : P → X of a compact
polyhedron P (i.e. a Euclidean polyhedron in terms of [16]). Two PL charts (P,ϕ) and (Q,φ)
are said to be compatible if ϕ−1(φ(Q)) is a compact polyhedron and φ−1 ◦ϕ : ϕ−1(φ(Q))→ Q
is piecewise linear. An atlas (base of a PL structure in terms of [16]) on X is a family of
CHARACTERIZATION OF REFLECTION-ROTATION GROUPS 3
compatible PL charts for X such that for each point x ∈ X there is a chart (P,ϕ) for which
ϕ(P ) is a topological neighborhood of x. A PL structure on X is a maximal atlas of X. A
second-countable topological Hausdorff space X endowed with a PL structure is called a PL
space (cf. [16, p. 77]). A PL space X is called a PL manifold (with boundary) of dimension
n, if for every point p ∈ X there exists a chart (P = ∆n, ϕ) of X such that p ∈ ϕ(Int(P ))
(p ∈ IntX(ϕ(P ))) (cf. [16, p. 79]). The boundary of a PL n-manifold with boundary, i.e.
the complement of its PL manifold points, is a PL (n − 1)-manifold without boundary. For
instance, the standard simplex ∆n is a PL manifold with boundary, a (standard) PL n-ball.
Its boundary ∂∆n is a PL manifold without boundary, a (standard) PL (n− 1)-sphere.
Every PL space can be triangulated by a simplicial complex K ⊂ RN and can thus be
realized as a polyhedron [16, Lem. 3.5, p. 80][37, Thm. 7.1, p. 53]. Conversely, an (abstract)
locally finite simplicial complex K has a natural PL structure. It is a PL n-manifold (with
boundary), if and only if the link of every vertex is a PL (n− 1)-sphere (or a PL (n− 1)-ball)
(cf. [41, p. 24]). PL maps and PL homeomorphisms between PL spaces are defined in the
usual way via compositions with charts (cf. [16, p. 83]). A map between two PL spaces X
and Y is a PL homeomorphism if and only if there exist triangulations K and L of X and
Y with respect to which f is a simplicial isomorphism between simplical complexes (cf. [16,
p. 84, Thm. 3.6 C]).
The open cone CX of a compact PL space X inherits a natural PL structure from X. If
X is embedded as a polyhedron P in some RN , then CX is PL homeomorphic to the internal
open cone CX = R≥0 · (P + en+1) ⊂ Rn+1. Here en+1 denotes the last canonical basis vector
of Rn+1. The cone CX is PL homeomorphic to some Rn if and only if X is PL homeomorphic
to the standard PL (n−1)-sphere ∂∆n. To see the only-if direction of this statement one can
triangulate X by a simplicial complex K and extend this triangulation to a triangulation L of
CX such that the link of the cone point in L is K [41, proof of Prop. 2.9]. Then the statement
follows from the remark above on links in simplical complexes that are PL manifolds.
3.2. PL quotients. Let ∼ be an equivalence relation on a PL space X. We would like to
know whether X/ ∼ is a PL space such that the projection map q : X → X/ ∼ is PL.
More precisely, if there exists a PL space Y and a PL map f : X → Y that induces a
homeomorphism f : X/ ∼→ Y . In general such a pair (Y, f) does not exist (cf. [46]).
However, if such a pair exists, then the following universal property shows that Y is unique
up to PL homeomorphism and can thus be considered the quotient of X with respect to ∼
in the PL category (cf. [46]). Note that we identify X\ ∼ and Y via f .
Lemma 3.1. If Y ′ is a PL space and f ′ : X → Y ′ a PL map such that x ∼ y for x, y ∈ X
implies f ′(x) = f ′(y), then the unique map g : Y → Y ′ is PL.
Proof. Let x ∈ X, y = q(x) and y′ = f ′(x). We choose charts (P,ϕ), (Q,φ) and (Q′, φ′)
about x, y and y′ that define topological neighborhoods of the respective points. Since q is
open and since the image of a compact polyhedron under a PL map is a compact polyhedron
[41, Cor. 2.5], we can assume that qϕ(P ) = φ(Q) and P = ϕ−1f ′−1φ′(Q′). In particular, we
have φ−1g−1φ′(Q′) = Q and graph(φ′−1gφ) = (φ−1q × φ′−1f ′)(ϕ(P )) ⊂ Q×Q′ is a compact
polyhedron, i.e. φ′−1gφ : Q → Q′ is a PL map. Now the general facts that a finite union⋃
i Pi of compact polyhedra Pi is a compact polyhedron and that a map f :
⋃
i Pi → Q is PL
if all restrictions f|Pi are PL [41, p. 5, 1.5 (4)], imply the condition for all charts, i.e. the map
g is PL. 
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A Euclidean vector space Rn carries a natural PL structure with respect to which it is a PL
manifold and with respect to which On acts by PL homeomorphisms on it. In the following
section we realize Rn/G as a simplicial complex and show that the projection from Rn to
Rn/G with the induced PL structure is a PL map, i.e. that the quotient Rn/G is in a natural
way a PL space.
3.3. Admissible triangulations. Let G be a finite group. A simplicial complex K is called
a G-complex, if G acts simplicially on it. It is called a regular G-complex, if for each subgroup
H < G and each tuple of elements g0, g1, . . . , gn ∈ H such that both of the sets {v0, . . . , vn}
and {g0v0, . . . , gnvn} describe vertices of a simplex in K, there exists an element g ∈ H such
that gvi = givi for all i (cf. [4, Ch. III, Def. 1.2, p. 116]). The second barycentric subdivision
of a G-complex K is always regular and for a regular G-complex one can define in a natural
way a simplicial complex K/G whose underlying space is homeomorphic to the topological
quotient |K|/G [4, p. 117]. The vertices of K/G are the G-orbits of the vertices of K and
a subset of these vertices forms a simplex if and only if there are representatives of these
vertices in K that form a simplex in K.
For a finite subgroup G < On we call a triangulation K of Rn admissible (for the action
of G on Rn), if K is a regular G-complex that contains the origin as a vertex. The following
lemma shows that admissible triangulations always exist.
Lemma 3.2. For a finite subgroup G < On there exists a triangulation K of Rn that is
admissible for the action of G on Rn.
Proof. We start with any triangulation t : K˜ → Rn that contains the origin as a vertex and
replace it by the common subdivision t : K → Rn of the triangulations g◦t : |K˜| → Rn, g ∈ G
as in [25, Lem. 2.1] (cf. [26, Lemma 67]). The resulting triangulation defines a G-complex.
Upon passage to the second barycentric subdivision, we can assume that this G-complex is
regular [4, p. 117]. 
Let K be an admissible triangulation for the action of G < On on Rn. Then Y = K/G
is a simplicial complex and the projection K → K/G maps simplices linearly onto simplices.
In particular, Y is a PL space and the projection K → K/G is PL, i.e. Rn/G is in a natural
way a PL space (cf. Section 3.2). The link of the origin in K is also a regular G-complex
and its quotient by G is simplicially isomorphic to the link of the origin in K/G. Hence, the
PL space Rn/G is a PL manifold (with boundary) if and only if this link in K/G is a PL
(n−1)-sphere (or a PL (n−1)-ball) (cf. Section 3.1). Radially projecting the link of the origin
in K to the unit sphere Sn−1 defines a PL structure on Sn−1 and induces a PL structure on
Sn−1/G. We call triangulations and PL structures of Sn−1 and Sn−1/G that arise in this
way admissible (for the action of G on Sn−1). Two admissible PL structures on Sn−1/G need
not be identical but are PL homeomorphic (cf. [41, pp. 20-21], “pseudoradial projection”).
Hence, the question if Rn/G is a PL manifold is equivalent to the question if Sn−1/G is a PL
sphere with respect to one and then any admissible PL structure. The following lemma gives
a necessary condition for this to hold. For details we refer to [26].
Lemma 3.3. Let G < On be a finite subgroup and suppose Sn−1 is triangulated by a simplicial
complex K in an admissible way for the action of G. Then Sn−1/G is a PL manifold (with
boundary) with respect to the induced PL structure if and only if for every vertex v of K the
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quotient space TvSn−1/Gv is a PL manifold (with boundary). In particular, this is the case
if Rn/G is a PL manifold (with boundary).
4. The only-if direction
Let us show by induction that a finite subgroup G < On is a reflection-rotation group, if
the quotient space Rn/G is a PL manifold with boundary and that in this case G contains a
reflection if and only if the boundary of Rn/G is nonempty. For n ≤ 2 the claim is trivially
true. Assume it holds for some n ≥ 2 and let G < On+1 be a finite subgroup such that Rn+1/G
is a PL manifold with boundary. Then all isotropy groups Gv for v 6= 0 are reflection-rotation
groups by Lemma 3.3 and the induction assumption. Let Grr / G be the reflection-rotation
group generated by all of them and let v ∈ Sn. Then the inclusions
Gv = (Gv)rr ⊆ (Grr)v ⊆ Gv
imply that Gv = (Grr)v for all v ∈ Sn. This means that the action of G/Grr on Sn/Grr is
free. Because of n ≥ 2 the quotient space Sn/G is simply connected by assumption and thus
we conclude that G and Grr coincide, i.e. that G is a reflection-rotation group. Again by
the induction assumption, Grr contains a reflection if and only if the boundary of Sn/Grr is
nonempty. Hence, G contains a reflection if and only if the boundary of Rn/G is nonempty
and the claim follows by induction.
5. Methods for the if direction
Before proving the if direction of our main result, we provide several methods that allow
us to identify the quotient spaces in question.
5.1. PL linearization principle. The idea of the PL linearization principle is to divide the
determination of the PL quotient Rn/G for a finite subgroup G < On into several steps. Let
H /G be a normal subgroup and assume there exists a PL homeomorphism F : Rn/H → Rn
and a homomorphism r : G → On with kernel H such that the left square in the following
diagram commutes
G× Rn/H //
r×F

Rn/H // //
F

Rn/G
F˜

r(G)× Rn // Rn // // Rn/r(G)
Then we say that the PL linearization principle can be applied to the groups H / G. In this
case F induces a PL homeomorphism F˜ : Rn/G→ Rn/r(G) due to Lemma 3.1. This reduces
the determination of Rn/G to the determination of Rn/r(G) and one might look for a suitable
normal subgroup of r(G) in order to apply the PL linearization principle again. If the PL
linearization principle can be applied to H / G and to H˜ / r(G), then it can also directly be
applied to r−1(H˜) / G.
Lemma 5.1. Suppose that the PL linearization principle can be applied to groups H / G. If
g ∈ G is a reflection (rotation), then so is r(g). In particular, if G is generated by reflections
and rotations, then so is r(G).
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The PL linearization principle can be established by describing a homeomorphism f :
Sn−1/H → Sn−1 and a homomorphism r : G → On with kernel H such that the following
square commutes and such that the PL structure on Sn−1 induced by an admissible PL
structure on Sn−1/H via f is admissible for the linearized action of r(G) on Sn−1
G× Sn−1/H //
r×f

Sn−1/H
f

r(G)× Sn−1 // Sn−1
In fact, in this case we can take the open cone at each site and extend the PL homeomorphism
f linearly to a PL homeomorphism F : Rn/H → Rn which makes the first diagram above
commute.
5.2. Uniqueness of compatible PL structures. A map g : P →M from a polyhedron P
to a smooth manifold M is called piecewise differentiable or PD, if P admits a triangulation
such that the restriction of f to each simplex in this triangulation is smooth. It is called
PD homeomorphism, if it is in addition a homeomorphism and its restriction to each simplex
has injective differential at each point. If g is a PD homeomorphism, then, due to a theorem
by Whitehead [48], the polyhedron P is a PL manifold. Moreover, such a polyhedron exists
and is unique up to PL homeomorphisms. According to a result of Illman these statements
also hold equivariantly for a finite group acting smoothly on M [21]. In particular, if M is a
smooth manifold on which a finite group G acts smoothly and gi : Pi →M , i = 1, 2, are two
PD homeomorphisms such that the induced actions of G on the polyhedra P1 and P2 are PL,
then there exists a G-equivariant PL homeomorphism between P1 and P2.
Assume we have a PL (n − 1)-sphere P1 on which a finite group G acts by PL homeo-
morphisms, a PD homeomorphism g : P1 → Sn−1 and a group homomorphism r : G → On
such that the following diagram commutes
G× P1 //
r×g

P1
g

r(G)× Sn−1 // Sn−1
Then, by Section 3.2 there exists an admissible triangulation of Sn−1 by a polyhedron P2 with
respect to the action of r(G) and this triangulation defines a PD homeomorphism from the
polyhedron to Sn−1. Therefore P1 and P2 are G-equivariantly PL homeomorphic as explained
above. In other words, we can replace g by another G-equivariant homeomorphism f which
is in addition piecewise linear with respect to an admissible PL structure for the action of
r(G) on Sn−1.
5.3. Generalized Poincaré conjecture. The generalized Poincaré conjecture holds in the
following version. Note that a closed simply connected topological manifoldM withH∗(M ;Z) =
H∗(Sn;Z) is homotopy equivalent to an n-sphere (cf. [42, Thm. 7.5.9, p. 399] and [14,
Thm. 4.5, p. 346]).
Theorem 5.2. For n 6= 4 a closed simply connected PL manifold M with H∗(M ;Z) =
H∗(Sn;Z) is PL homeomorphic to a standard PL n-sphere.
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For n = 1, 2 the statement has long be known by the classification of manifolds in that
dimensions. For n ≥ 6 it follows from the PL h-cobordism theorem (c.f. [41, Thm. A, p. 17]).
For n ≤ 5 every PL manifold admits a compatible smooth structure [15] and thus, according
to the uniqueness part of Whitehead’s theorem [48, 30], the statement can be reduced to the
respective statement in the smooth category. For n = 5 the smooth version of the generalized
Poincaré conjecture follows from the smooth h-cobordism theorem combined with the fact
that every closed, smooth 5-manifold homotopy equivalent to S5 bounds a smooth, compact,
contractible 6-manifold [22] (cf. [28] for more details). Finally, for n = 3 the smooth Poincaré
conjecture follows from Perelman’s work [38, 39, 40] (cf. [29, 23]).
We would like to apply the statement of Theorem 5.2 in the following situation. For a
rotation group G < SOn the quotient Sn−1/G is simply connected unless n ≤ 2 by the
following lemma (cf. [1], where the statement is proven in greater generality).
Lemma 5.3. Let G < SOn with n ≥ 3 be a finite subgroup generated by elements that fix
some point in Sn−1. Then the quotient space Sn−1/G is simply connected.
Suppose Sn−1 and Sn−1/G are equipped with PL structures that are admissible for the
action of G (cf. Section 3.3). According to Lemma 3.3, in order to show that Sn−1/G is a
closed PL manifold it suffices to check that for any point p ∈ Sn−1 the isotropy group Gp
is a rotation group acting in TpSn−1 = Rn−1 such that the quotient space Rn−1/Gp is a PL
manifold. The condition on the homology groups of Sn−1/G can be verified as follows.
Lemma 5.4. Let a finite subgroup G < SOn and some i ∈ Z≥0 be given. If there are
subgroups H of G with coprime indices and Hi(Sn−1/H;Z) = 0, then Hi(Sn−1/G;Z) = 0. In
particular, the conclusion holds if the subgroups have coprime indices and the quotients Rn/H
are homeomorphic to Rn.
Proof. We choose an admissible triangulation K of Sn−1 for the action of G and work with
simplicial homology over Z (in the following the coefficient ring is omitted and understood to
be Z). Let H < G be a subgroup with Hi(Sn−1/H) = 0. For an i-cycle c ∈ Zi(K/G) there
exists an i-cycle c′ ∈ Zi(K/H) such that pi(c′) = [G : H] · c where piG/H : K/H → K/G is
the natural simplicial projection (e.g. c′ = µG/H(c) in the notation of [4, pp. 118-121]). The
(i+ 1)-chain a ∈ Ci+1(K/H) with ∂a = c′ satisfies ∂pi(a) = pi(∂a) = [G : H] · c and thus 0 =
(piG/H)∗(µG/H)∗([c]) = [G : H] · [c] in Hi(Sn−1/G) (the induced map (µG/H)∗ : H∗(K/G)→
H∗(K/H) is called transfer, cf. [4, Ch. III. 2., pp. 118-121]). Hence, if there are subgroups H
of G with coprime indices and Hi(Sn−1/H) = 0, then it follows that Hi(Sn−1/G) = 0. The
assumption on Hi(Sn−1/H) is in particular fulfilled, if Rn/H is homeomorphic to Rn, since
this implies H∗(Sn−1/H) = H∗(Sn−1) (cf. [14, p. 117]). 
5.4. Chevalley’s theorem. For a unitary reflection group G < Un the following theorem
due to Chevalley holds [32, Thm. 3.20, p. 48].
Theorem 5.5. The algebra of invariants of a finite unitary reflection group G < Un is
generated by n algebraically independent homogenous polynomials.
For n such generators f1, . . . , fn of C[z1, . . . , zn]G we will see in Section 6.2 that the map
f = [f1, . . . , fn] : Cn −→ Cn
v 7−→ (f1(v), . . . , fn(v))
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descends to a homeomorphism f : Cn/G → Cn and, moreover, that R2n/G is in fact PL
homeomorphic to R2n.
5.5. The fundamental domain of a group. For a finite subgroup G < On there exists a
vector v0 ∈ Rn such that gv0 6= v0 for all g ∈ G\{e}. For such a vector v0 the set
Λ =
⋂
g∈G
{v ∈ Rn|(v, v0) ≥ (v, gv0)}
is a fundamental domain for the group G, i.e. the G-translates of Λ cover Rn and the union⋃
g∈G gΛ˚ is disjoint. It inherits a subspace topology and PL structure from Rn and the
quotient space Rn/G with its quotient topology and PL structure (cf. Sections 3.2 and 3.3)
can be obtained from Λ by identifying certain points on the boundary, namely those which
belong to the same orbit of G.
5.6. Gluing construction. We need the following elementary gluing result for PL balls.
The lemma states that “twisted” PL spheres are standard PL spheres. Its proof is a direct
consequence from the fact that a PL homeomorphism f : ∂∆n → ∂∆n can be linearly
extended in a radial direction to a PL homeomorphism f : ∆n → ∆n [41, Lem. 1.10, p. 8].
Lemma 5.6. Suppose Bn1 and B
n
2 are PL balls and ϕ : ∂B
n
1 → ∂Bn2 is a PL homeomorphism.
Then the space Bn1 ∪ϕ Bn2 obtained by gluing Bn1 and Bn2 together along their boundary via ϕ
is a PL n-sphere.
5.7. Collapsing. Let K be a simplicial complex and let σ, τ ∈ K be simplices such that
(i) τ < σ, i.e. τ is a proper face of σ,
(ii) σ is a maximal simplex in K and τ is not contained in any other maximal simplex
of K,
then τ is called a free face of K. A simplicial collaps of K defined by τ < σ as above is the
removal of all simplices ρ of K with τ ≤ ρ ≤ σ. We say that K collapses onto a subcomplex
L of K if there exists a finite sequence of collapses leading from K to L. A simplicial complex
that collapses onto a point is called collapsible. Being collapsible to a subcomplex is a PL
property, i.e. it does not depend on a specific triangulation (cf. [41, p. 39]). In our proof we
will apply the following characterization (cf. [41, Cor. 3.28, p. 41])
Lemma 5.7. A collapsible PL n-manifold (with or without boundary) is a PL n-ball.
In order to be able to apply this characterization, we will need the following lemma.
Lemma 5.8. Let p : K → K˜ be a simplicial surjection between finite simplicial complexes K
and K˜ that maps simplices of K homeomorphically onto simplices of K˜. Suppose further that
L is a subcomplex of K such that p restricts to a bijection p : K\L→ K˜\p(L). If K collapses
onto L, then K˜ collapses onto p(L)
Proof. Let τ < σ ∈ K with τ, σ /∈ L and suppose that τ < σ defines a simplicial collaps of K.
By assumption on p we have p(τ), p(σ) /∈ p(L) and thus the claim follows inductively, if we
can show that p(τ) < p(σ) ∈ K˜ defines a simplicial collapse of K˜. But again, by assumption
on p, and because of τ, σ /∈ L it is clear that p(σ) is a maximal simplex of K˜ and that p(τ)
is not contained in any other maximal simplex of K˜. 
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6. Proof of the main result
In this section we prove the if direction of our main result by verifying its conclusion for
all reflection-rotation groups. The proof is structured as follows. For each reflection-rotation
group G we either prove the conclusion of our main result directly or we reduce such a proof
to the respective claim on reflection-rotation groups of lower order via the PL linearization
principle (cf. Appendix A for a summary of the classification result). In doing this we
will need to show that for each pair M / Grr of an irreducible reflection-rotation group Grr
that contains a reflection and a nontrivial normal rotation group M / Grr such that Grr is
generated by the reflections it contains and by M , there exists a nontrivial rotation group
H / M normalized by Grr such that the PL linearization principle can be applied to the
groups H / Grr (cf. Section 6.4). All such pairs M / Grr are listed in Theorem A.3. In
each case we will either show this property directly or reduce it to proving our main result
for reflection-rotation groups of order less than Grr. Once we have treated all the cases, the
if direction of our main result follows by induction. References to the sections in which the
respective cases are treated can be found in the appendix.
6.1. Real reflection groups. The fundamental domain Λ of a reflection group W < On
acting on Sn−1 is a spherical simplex [7, Thm. 4, p. 595]. Let W+ be the orientation
preserving subgroup of W and, if there exists some rotation h ∈ On\W that normalizes W ,
set W× = 〈W,h〉 and W+× = 〈W+, h〉. Choose an admissible triangulation for the action of W
(and hence ofW+) on Sn−1 that refines the triangulation of Sn−1 by the fundamental domains
of W . Then the quotient space Sn−1/W is a PL ball, namely the fundamental domain Λ of
W , and the quotient space Sn−1/W+ can be obtained by gluing together two copies of Λ along
their boundary, i.e. the resulting space is a PL sphere by Lemma 5.6. Moreover, a coset s
of a reflection s ∈ W interchanges the two copies. Therefore the PL linearization principle
can be applied to the groups W+ / W . If h exists, then its action on Sn−1/W+ commutes
with the action of a reflection s ∈ W on Sn−1/W+, since h normalizes W by assumption.
In particular, the quotient space Sn−1/W+× can be realized as the suspension of ∂Λ/h whose
cone points are interchanged by s. Therefore, it is clear that Sn−1/W+× is a PL sphere, that
Sn−1/W× is a PL ball and that the PL linearization principle can be applied to the groups
W+ / W× and W+× / W×. Hence, we have proven
Lemma 6.1. In the notation used above our main theorem holds for groups of type W , W+,
W+×, W× and the PL linearization principle can be applied toW+/W , W+/W× andW+×/W×.
In particular, it can be applied to W+(Dn) / W (BCn).
6.2. Reflection groups induced by unitary reflection groups. For a unitary reflection
group G < Un we choose n algebraically independent homogenous generators f1, . . . , fn ∈
C[z1, . . . , zn]G given by Chevalley’s theorem (cf. Section 5.4). The continuous map
f = [f1, . . . , fn] : Cn −→ Cn
v 7−→ (f1(v), . . . , fn(v))
descends to a continuous map f : Cn/G → Cn. The map f is injective, since the algebra of
invariants of G separates its orbits [32, Thm. 3.5, p. 41], and also onto [32, Thm. 3.15, p. 45].
Moreover, since C[z1, . . . , zn] is a finitely generated C[z1, . . . , zn]G-module [43, Thm. 1.3,
p. 478], the map f is a finite and hence proper morphism of complex affine varieties [13,
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6.1.11, 5.5.3]. Therefore, the map f is also proper with respect to the usual topology in the
sense of [2, Ch. 1, §10, no. 1, Def. 1] by [12, Ch. XII., Prop. 3.2]. In particular, the map f
is closed. Consequently f is a homeomorphism and thus R2n/G and R2n are homeomorphic
where G is regarded as a real rotation group.
Continuity of f−1 can alternatively be shown by induction as follows. According to a
theorem by Steinberg isotropy groups of unitary reflection groups are again unitary reflection
groups [44, Thm. 1.5, p. 394] (cf. [32, Thm. 9.44, p. 186] and [31]). Hence, it follows by
induction that Cn/G−{0} is a topological manifold, where 0 is the coset of 0 ∈ Cn in Cn/G.
Using the domain invariance theorem it is then not difficult to conclude that f−1 is continuous
(cf. [26] for more details).
Finally, since isotropy groups of unitary reflection groups are again unitary reflection groups
by Steinbergs theorem, it follows by induction as explained in Section 5.3 that the PL quotient
R2n/G for a unitary reflection group G regarded as a rotation group is PL homeomorphic to
R2n, i.e. we have
Lemma 6.2. Our main theorem holds for unitary reflection groups considered as real groups.
6.3. Reflection-rotation groups in dimension up to four. Groups up to dimension
three can be easily treated by hand. For instance, all finite subgroups of SO2 and SO3 are
orientation preserving subgroups of reflection groups which have been treated in Section 6.1.
In dimension four a classification based proof becomes rather long-winded and cumbersome
(cf. [36, §3]).
The following approach dispenses with the classification in dimensions up to four. The
proof is based on induction on the dimension. For simplicity let us suppose that we have
already treated the cases n < 4, i.e. we formulate the proof for n = 4. The same arguments
apply in dimenions n < 4. All isotropy groups of a rotation group G < SO4 are again rotation
groups. Therefore, the quotient S3/G is a closed simply connected PL manifold with respect
to a PL structure induced by K/G where K is an admissible triangulation for the action of
G on S3 (cf. Lemma 3.3). Hence, by the PL version of the Poincaré conjecture (cf. Section
5.3), the PL quotient S3/G is PL homeomorphic to the standard PL 3-sphere and R4/G is
PL homeomorphic to R4, i.e. we have
Lemma 6.3. Our main theorem holds for rotation groups in dimension up to four.
Now let G < O4 be a finite group and suppose that H / G is a rotation group (again, the
case of lower dimensions works analogous). We endow S3 with an admissible PL structure for
the action of G (and hence H). According to [25] (cf. [26] and [45, p. 208]) the quotient S3/H
admits a smooth structure such that the identity map of S3/H is a PD homeomorphism and
such that G/H acts smoothly on it. Since smoothings of PL manifolds in dimension three are
unique up to diffeomorphism [45, Thm. 3.10.9], this action is smoothly conjugate to a smooth
action of G/H on the standard sphere S3 and by [8, Thm. E] it is thus smoothly conjugate
to a linear action on S3. Therefore, we have a PD homeomorphism g : S3/H → S3 and a
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homomorphism r : G→ SO4 such that the following diagram commutes
G× S3/H //
r×g

S3/H
g

r(G)× S3 // S3
According to Section 5.2 we can replace g by a PD homeomorphism f such that the induced
PL structure on S3 is admissible with respect to the action of r(G). Therefore, the PL
linearization principle can be applied to the groups H / G (cf. Section 5.1). In particular,
taking G as a reflection-rotation group and H as its orientation preserving subgroup proves
our main theorem for all reflection-rotation groups up to dimension four. Summarizing we
have
Lemma 6.4. Our main theorem holds for reflection-rotation groups in dimension up to four.
If H < On, n ≤ 4, is a rotation group normalized by a finite group G < On, then the PL
linearization principle can be applied to the groups H / G.
Note that in principle the usage of the Poincaré conjecture can be avoided by applying other
means such as the algebra of polynomial invariants or explicit constructions of fundamental
domains (cf. [36] and Section 6.7 for illustrations of these methods). However, proofs along
such lines are cumbersome and so we do not refrain from using the Poincaré conjecture as a
convenient tool.
6.4. Reducible reflection-rotation groups. Now let G < On be a reducible reflection-
rotation group and let Rn = V1 + . . . + Vk be a decomposition into irreducible components.
Let Hi/G be the normal subgroup generated by rotations that only act in Vi (i.e. by rotations
of the first kind in Vi in terms of [27]) and let Gi be the projection of G to the i-th factor.
We can assume that Hi 6= Gi because otherwise Hi splits of as a direct factor. The pairs
Hi /Gi that occur in this way are classified in [27, Thm. 3]. It is shown that this classification
amounts to a classification of pairs M / Grr of an irreducible reflection-rotation group Grr
that contains a reflection and a normal subgroup M / Grr generated by rotations such that
Grr is generated by its reflections and by M (cf. the remark following [27, Thm. 3]). All such
pairs with nontrivial M are listed in Theorem A.3 in the appendix.
Suppose there is some i ∈ {1, . . . , k} and some nontrivial rotation groupH < Hi normalized
by Gi such that the PL linearization principle can be applied to H / Gi. Then the PL
linearization principle can also be applied to H / G. Hence, the following lemma holds (cf.
Section 5.1).
Lemma 6.5. Let G be a reducible reflection-rotation group and suppose that some Hi is
nontrivial. Suppose further that our main theorem holds for all reflection-rotation groups of
smaller order than G. If for each pair M / Grr occurring in Theorem A.3 there exists some
nontrivial rotation group H / M normalized by Grr such that the PL linearization principle
can be applied to the groups H / Grr, then our main theorem holds for the group G.
Note that it is necessary to verify the assumption on the pair M / Grr in each case of
Theorem A.3. In fact, given such a pair M / Grr a reducible rotation group G can be
constructed with two irreducible components and with H1 = H2 = M , G1 = G2 = Grr (cf.
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[27, Thm. 4]). In the course of the proof, in each case of Theorem A.3 we either verify the
condition on M /Grr directly or reduce such a proof to showing our main result for rotation
groups of order less than Grr. A reference to the lemma in which we do this for a specific
pair M /Grr can also be found in Theorem A.3.
The only case in which we cannot apply Lemma 6.5 is, in the notation above, when all the
Hi are trivial, i.e. when there are no rotations in G that act in a single Vi factor. Suppose
this is the case. If the group G does not split as a product of nontrivial factors of lower order,
it is either a reflection group of type A1, a rotation group of type W+(A1 × · · · × A1) or a
rotation group of the form
∆ϕ(W ×W ) := {(g, ϕ(g)) ∈W ×W |g ∈W} < Om ×Om
for some reflection group W < Om and some isomorphism ϕ : W →W that maps reflections
onto reflections [27, Thm. 4, Cor. 64]. The first two cases are treated in Lemma 6.1. Form < 3
the third case is treated in Lemma 6.4. If all labels of the Coxeter graph of W lie in {3, 4, 6},
then every automorphism of W that maps reflections onto reflections can be realized through
conjugation by an orthogonal transformation in the normalizer of W in Om [11, Cor. 19,
p. 7]. In this case the quotient R2m/∆ϕ(W ×W ) is PL homeomorphic to R2m/∆id(W ×W ).
Hence this case is subject of Lemma 6.2, since ∆ = ∆id(W ×W ) < W ×W preserves the
complex structure
J =
(
0 1m
−1m 0
)
.
and can thus be regarded as a unitary reflection group acting on Cm. The only remaining
cases are W = W (H3) and W = W (H4) (cf. Theorem A.3 or [27, Thm. 3]) and indeed, in
these cases there exist outer automorphisms of W that map reflections onto reflections but
cannot be realized through conjugation in Om (cf. [10, pp. 31-32]). Note that the argument in
[36] breaks down for groups ∆ϕ(W ×W ) for which ϕ cannot be realized through conjugation
since the proof of [36, Thm. 1.2] does not work in this case. Summarizing, we have
Lemma 6.6. In the notation above, let G be a reducible reflection-rotation group such that
all the Hi are trivial. Suppose that our main theorem holds for all reflection-rotation groups
of smaller order than G. If G is different from ∆ϕ(W ×W ) for W of type H3 and H4, then
our main theorem holds for the group G.
The two exceptional cases excluded in the lemma are treated in Section 6.7.
6.5. Monomial reflection-rotation groups. Let D(n) be the diagonal subgroup of On and
let D+(n) be its orientation preserving subgroup. For a permutation group H < Sn consider
the monomial groupsM = D+(n)oH < SOn andM× = D(n)oH < On. The subgroup H <
M× leaves the spherical simplex Λ = {x ∈ Sn−1|xi ≥ 0, i = 1, . . . , n} invariant and acts on its
boundary ∂Λ. Choose an admissible triangulation for the action of M× on Sn−1 that refines
the triangulation of Sn−1 by the D(n) translates of Λ. The quotient Sn−1/D+(n) of Sn−1 by
the diagonal subgroup D+(n) can be obtained by gluing together two copies of Λ along their
boundaries. It can be realized as the suspension of ∂Λ whose cone points are interchanged by
the reflections in D(n). Therefore the PL linearization principle can be applied to the groups
D+(n) / M×. In particular, we have (note that D(W+(BCn)) = D(W+(Dn)) = D+(n))
CHARACTERIZATION OF REFLECTION-ROTATION GROUPS 13
Lemma 6.7. The PL linearization principle can be applied to the groups D(W+(BCn)) /
W (BCn) and thus also to the groups D(W+(Dn)) / W (Dn).
Note that with respect to the constructed linearization the reflection in M×/D+(n) acts in
a 1-dimensional subspace orthogonal to a subspace Rn−1 in which H ∼= M/D+(n) acts. Now
suppose that M is a rotation group. Then the linearization of H acts as a rotation group (cf.
Section 5.1). With these observations we obtain
Lemma 6.8. In the notation above, suppose that M is a rotation group and that our main
theorem holds for all reflection-rotation groups of smaller order than M . Then our main
theorem holds for the reflection-rotation groups M and M× and the PL linearization prin-
ciple can be applied to the pairs M / M×. In particular, this applies in the cases of M =
M5,M6,M7,M8,M(Dn) in Theorem A.1, (v), (a).
The exceptional monomial rotation groups M(Q7) = M
p
7 < SO7 and M(Q8) = M
p
8 < SO8
(cf. Theorem A.1, (v), (a)) are treated in Section 6.7.
6.6. Imprimitive reflection-rotation groups. Let µm < C∗ be the cyclic subgroup of
m-th roots of unity. For a factor p of m set
A(m, p, n) :=
{
(θ1, . . . , θn) ∈ µnm|(θ1 . . . θn)m/p = 1
}
.
LetG(m, p, n) be the semidirect product ofA(m, p, n) with the symmetric groupSn. Then the
natural realization of G(m, p, n) in the unitary group Un is an imprimitive unitary reflection
group (cf. [32, Ch. 2, p. 25]). In the following we consider G(m, p, n) as a real rotation group
in SO2n.
In this section we treat the irreducible imprimitive rotation groups
G+×(kq, k, n) = 〈G(kq, k, n), τ〉 < SO2n
where n > 2, q ∈ N, k = 1, 2, kq ≥ 3 and where τ is a rotation that conjugates the first two
coordinates, i.e.
τ(z1, z2, z3 . . . , zn) = (z1, z2, z3 . . . , zn),
and the corresponding irreducible imprimitive reflection-rotation groups
G×(kq, k, n) = 〈G(kq, k, n), s〉 < SO2n,
where s is a reflection that conjugates the first coordinate, i.e.
s(z1, z2, z3 . . . , zn) = (z1, z2, . . . , zn)
(cf. [27] for more details on the constructions of these groups). Let R2n = V1 + · · · + Vn
be a decomposition into components of a system of imprimitivity of G×(kq, k, n) (and hence
of G+×(kq, k, n)), i.e. a decomposition into subspaces that are permuted by the group. Let
H /G×(kq, k, n) be the normal subgroup generated by rotations in G×(kq, k, n) that only act
in one of the factors Vi, i = 1, . . . , n. The projection Hi of H to O(Vi) is a cyclic group of
order q and the group H splits as a product of these projections, i.e. H = H1 × · · · × Hn.
Because of k ∈ {1, 2} and kq ≥ 3, the group H is nontrivial. Due to Lemma 6.4 the PL
linearization principle can be applied to the groups H / G×(kq, k, n). Hence, we have
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Lemma 6.9. Let G be a reflection-rotation group of type G×(kq, k, n) or G+×(kq, k, n) with
n > 2, k = 1, 2, kq ≥ 3 and suppose that our main theorem holds for reflection-rotation groups
of smaller order than G. Then our main result holds for the group G.
Moreover, we see
Lemma 6.10. Let M / Grr be a pair occurring in Theorem A.3 of type G+×(kq, k, n) /
G×(kq, k, n) or G+×(2q, 2, n) / G×(2q, 1, n), n > 2, k = 1, 2, kq ≥ 3. Then there exists a
nontrivial rotation group H < M normalized by Grr such that the PL linearization principle
can be applied to the groups H / Grr.
Observe that by now we have verified the conclusion of the preceding lemma for all pairs
of groups M /Grr occurring in Theorem A.3, and hence established the respective condition
in Lemma 6.5 on reducible reflection-rotation groups.
6.7. Exceptional rotation groups. The only indecomposable rotation groups which we
have not treated in view of our main result yet are the exceptional irreducible rotation groups
M(R5), M(S6), M(Q7), M(Q8) and M(T8) and the exceptional reducible rotation groups
∆ϕ(W×W ) forW of type H3 and H4 (cf. Section 6.4 and [27, Sect. 4.6]). The proofs in [36] in
the cases ofM(R5),M(S6),M(Q7),M(Q8) in principle work [36, II)-IV) in Thm. 1.4, p. 105]
but lack some arguments. This manifests in the fact that isotropy groups, which determine
the local structure of the respective quotient, are not examined. The cases of M(T8) and
∆ϕ(W ×W ) for W of type H3 and H4 are not considered in [36].
In the cases n > 5 we will make use of the PL version of the generalized Poincaré conjecture
(cf. Theorem 5.2). For n = 5 this tool is not available, which is why we have to perform a
computation by hand in the case of M(R5). Our arguments turn the approach in [36, p. 102]
to this case into a rigorous proof.
Lemma 6.11. Our main result holds for the rotation group M(R5), i.e. for G = M(R5) <
SO5 the PL quotient R5/G is PL homeomorphic to R5.
Proof. The outline of the proof is as follows. First we construct a fundamental domain Λ on
S4 and choose an admissible triangulation that refines the tesselation of S4 by the translates
of Λ. With respect to the induced PL structure Λ is a PL 4-ball. We can choose a PL collar
A of ∂Λ in Λ that collapses onto ∂Λ [41, Cor. 3.17, Cor. 3.30] (cf. Section 5.7). The closure
of the complement of A in Λ, say B, is a PL 4-ball. We set Q = ∂Λ/ ∼ and N = A/ ∼
where ∼ denotes the equivalence relation induced by G. Then we can recover S4/G by gluing
together N and B along the PL 3-sphere ∂B which is not affected by ∼. In particular, we
see that S4/G is a PL 4-sphere, if we can show that N is a PL 4-ball. Due to Section 6.3 and
the fact that all isotropy groups of G are rotation groups [27, Lem. 27], we already know that
N is a PL 4-manifold with boundary (cf. Lemma 3.3). Moreover, since our triangulation is
admissible, the projection A → N is simplicial and maps simplices homeomorphically onto
simplices (cf. Section 3.3). Hence, N collapses onto Q by Lemma 5.8. Therefore, according
to Lemma 5.7 it is sufficient to show that Q is collapsible in order to prove the lemma.
The group G is isomorphic to the alternating group A5 and a specific set of generators in A6
is given by (12)(34), (15)(23), (16)(24) (cf. [36, p. 102]) where G is regarded as the restriction
of the permutation action of S6 on R6 to the subspace R5 = {(x1, . . . , x6) ∈ R6|x1+. . .+x6 =
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0} of R6. A fundamental domain Λ for the action of G on S4 is constructed in [36, p. 103] as
follows: For v0 = {−1,−1,−1, 0, 1, 2} we have gv0 6= v0 for all g ∈ G and thus
Λ =
⋂
g∈G
{v ∈ S4|(v, v0) ≥ (v, gv0)}
is a fundamental domain for the action of G on S4 ⊆ R5 ⊆ R6. It can be described by the 8
inequalities
−x3 + x4 ≥ 0, −x2 + x6 ≥ 0,
−x4 + x5 ≥ 0, −x1 − 2x2 + x4 + 2x5 ≥ 0,
−x5 + x6 ≥ 0, −2x1 − x2 + x4 + 2x5 ≥ 0,
−x1 + x5 ≥ 0, −2x2 − x3 + x4 + 2x5 ≥ 0
and has vertices
v1 =
1√
30
(−5, 1, 1, 1, 1, 1), v2 = 1√
30
(1,−5, 1, 1, 1, 1),
v3 =
1√
30
(1, 1,−5, 1, 1, 1), v4 = 1√
30
(−1,−1,−1,−1,−1, 5),
v5 =
1√
6
(1,−1,−1,−1, 1, 1), v6 = 1√
84
(1, 1,−5,−5, 4, 4),
v7 =
1√
6
(−1, 1,−1,−1, 1, 1), v8 = 1√
84
(−5, 4,−5, 1, 1, 4).
Let Pi be the boundary of the half-space in R6 determined by the ith inequality above. The
faces of the fundamental domain are the following three-dimensional polytopes: In the plane
P1 the pentagonal pyramid v1v2v4v5v6v7 with vertex v4; in P2 the double pyramid v1v2v3v4v8
with vertices v2 and v8; in P3 the pentagonal pyramid v1v2v3v5v6v7 with vertex v3; in P4
the simplex v2v3v4v5; in P5 the simplex v1v3v7v8; in P6 the double pyramid v3v4v6v7v8 with
vertices v6 and v8; in P7 the simplex v3v4v5v6 and in P8 the simplex v1v4v7v8. The boundary
of the fundamental domain is illustrated in Figure 1.
It can be checked that the identifications induced by G on ∂Λ are generated by the following
identifications
(12)(34) in P1 :v1 
 v2, v4 
 v4, v6 
 v6, v5 
 v7,
(13)(45) in P2 :v1 
 v3, v2 
 v2, v4 
 v4, v8 
 v8,
(12)(56) in P3 :v1 
 v2, v3 
 v3, v5 
 v7, v6 
 v6,
(15)(23) in P4 :v2 
 v3, v4 
 v4, v5 
 v5,
(13)(26) in P5 :v1 
 v3, v7 
 v7, v8 
 v8,
(14)(25) in P6 :v3 
 v3, v4 
 v4, v6 
 v8, v7 
 v7,
(13425) :v1 ⇀ v3, v4 
 v4, v7 ⇀ v5, v8 ⇀ v6,
(15243) :v1 ↽ v3, v4 
 v4, v7 ↽ v5, v8 ↽ v6,
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Figure 1. Boundary of a fundamental domain Λ for the action of M(S5) =
R5(A5) on S4 cut into two pieces.
The first six of them correspond to “pasting in half” the faces of Λ lying in the planes
P1, . . . , P6. Since points in the interior of such a face are not identified with points outside
the interior of this face, we see that the images of these faces in the quotient Q can be collapsed
to the images of their boundary in Q. In particular, we see that Q collapses onto the images
of the faces v3v4v5v6 and v1v4v7v8 of Λ. Since these faces are identified with each other by
(13425), we see that Q collapses onto the image of v3v4v5v6 in Q. Examining the list of
generating identifications shows that this image is a 3-simplex itself. Hence, Q is collapsible
and thus the claim follows by the remarks above.

In principle, the proofs in [36] in the casesM(S6),M(Q7) andM(Q8) can be made rigorous
in the same way. However, in order to avoid long computations with fundamental domains
and identifications, we provide the following alternative argument.
In each of the remaining cases choose an admissiable triangulation of Sn−1 for the action of
G. Because of n > 5 in these cases, it is sufficient to show that Sn−1/G is a simply connected
PL manifold with H∗(Sn−1/G) = H∗(Sn−1) in order to prove that Rn/G is piecewise linear
homeomorphic to Rn (cf. Section 5.3, Theorem 5.2). According to [27, Lem. 27] all isotropy
groups of the remaining irreducible exceptional rotation groups M(S6), M(Q7), M(Q8) and
M(T8) are rotation groups. The same statement is true for reducible rotation groups of type
∆ϕ(W ×W ) (cf. Section 6.4), since isotropy groups of real reflection groups are generated
by the reflections they contain [20, Thm. 1.12 (c), p. 22] (apply this result twice). Hence, we
have (recall that the quotient Sn−1/G is simply connected by Lemma 5.3)
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Lemma 6.12. Let G be one of the remaining rotation groups and suppose that our main
result holds for all rotation groups of smaller order. Then Sn−1/G is a simply connected PL
manifold.
In particular, we have H1(Sn−1/G) = pi1(Sn−1/G)ab = 0 [14, Thm. 2A.1]. By Poincaré
duality and the universal coefficient theorem, it is sufficient to show that H2(Sn−1/G) = 0
or H2(Sn−1/G) = H3(Sn−1/G) = 0, respectively, depending on whether n ≤ 6 or 6 < n ≤ 8
[14, Thm. 3.2, Thm. 3.30], in order to prove H∗(Sn−1/G) = H∗(Sn−1). In Lemma 5.4 we
have seen that the existence of subgroups H < G with coprime indices and Hi(Sn−1/H) = 0
implies Hi(Sn−1/G) = 0. The latter condition in particular holds for rotation groups H for
which we have already shown that Rn/H is homeomorphic to Rn (cf. the long exact sequence
in [14, p. 117]). Hence, in order to treat the remaining cases, it is sufficient to find suitable
subgroups.
Lemma 6.13. If our main result holds for all rotation groups of smaller order than M(S6),
then it also holds for M(S6).
Proof. The groupM(S6) ∼= PSL2(7) has order 23 ·3·7 and thus contains a subgroup H of order
7. Since M(S6) can be realized as the isomorphic image of a permutation group in S7 < SO7
to SO6 (cf. [27, Lem. 16]), this subgroup of order 7 is generated by a 7-cycle in S7 and acts
thus freely on the unit sphere S5 ⊂ R6. The facts that H2(Z7) = 0 [5, (3.1), p. 35] and that
H2(S
5/H) = H2(H) for groups acting freely on S5 [5, p. 20] imply that H2(S5/H) = 0. A
rotation group of order 23 · 3 contained in M(S6) is described in [27, Lem. 28]. Hence, the
claim follows by the remarks above. 
The reflection groups W (H3) and W (H4) properly contain reflection groups with coprime
indices (cf. [9, Table 8, Table 9]) and thus the rotation groups ∆ϕ(W ×W ) for W of type H3
and H4 properly contain rotation groups with coprime indices. The rotation groups M(Q7)
andM(T8) also properly contain rotation groups with coprime indices [27, Lem. 29, Lem. 31].
By the remarks above, we obtain
Lemma 6.14. Let G be a rotation group of type M(Q7), M(T8) or ∆ϕ(W ×W ) for W of
type H3 or H4. If our main result holds for all rotation groups of smaller orden than G, then
it also holds for G.
The group M(Q7) does not contain rotation groups with coprime indices. However, the
following lemma is proven in [27, Lem. 30].
Lemma 6.15. The rotation group M(Q8) of order 21504 = 210 · 3 · 7 contains a reducible
rotation group G of order 1536 = 29 · 3 with k = 2 and
(Gi, Hi, Fi, Gi/Hi) = (W (D4), D(W
+(D4)),W (D4),W (A3)),
i = 1, 2 (see below for an explanation of this notation), which is normalized by an element
τ of order two that interchanges the two components of G. Moreover, it contains a rotation
group M(S6) of order 168 = 23 · 3 · 7.
More precisely, with respect to the action of the group G < SO8 in the preceding lemma
R8 splits into two four-dimensional irreducible subspaces R8 = V1 ⊕ V2. The subgroup Hi of
G generated by rotations that only act in Vi is of type D(W+(D4)). The quotient of G by
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H = H1 ×H2 is abstractly isomorphic to W (A3) ∼= S4 and its linearization on R8 acts as a
diagonal group ∆ϕ(W ×W ) for W of type A3 (cf. Section 6.4).
Lemma 6.16. For N = 〈G, τ〉 as in the preceding lemma we have R8/N ∼= C(S3 ∗RP3) and
hence H∗(S7/N) = H∗(Σ4(RP3)). In particular, H2(S7/N) = H3(S7/N) = 0.
Proof. Let R8 = V1 + V2 be a decomposition into irreducible components with respect to G.
We can assume that V1 and V2 are two identical copies of R4 such that the projections of G
to V1 and V2 coincide. Since τ normalizes G it has the form
τ =
(
0 h
h−1 0
)
for some h ∈ NO4(W (D4)). After conjugation we can assume that h = id and thus we can
apply the linearization principle to the groups H1 × H2 / N . It then remains to show that
R8/N ∼= C(S3 ∗ RP3) for N = 〈G, σ〉 with σ = τ and G = Gϕ = {(g, ϕ(g))|g ∈ W (A3)} ⊂
W (A3) ×W (A3) < O4 × O4 for some ϕ ∈ Aut(W (A3)). Since the symmetric group S4 has
no outer automorphisms we can assume that ϕ = id after conjugation. Then σ has the form
σ =
(
0 g0
g−10 0
)
< SO8
for some g0 ∈W (A3) < O4. Now σ ∈ N(G) implies g20 ∈ CO4(W (A3)) = {±id3} × {±id1} <
O3 × O1. Because of g0 ∈ W (A3) and since W (A3) has a trivial center, we have g20 = 1, i.e.
g0 = g
−1
0 . If we identify R8 with C4 then G can be regarded as a unitary reflection group
and the action of σ is given by σ ((z1, z2, z3, z4)) = i · g0(z1, z2, z3, z4) where g0 permutes
the coordinates. Let si be the elementary symmetric polynomial of degree i in the zj , i, j =
1, 2, 3, 4. Then the map
f : C4/G → C4
(z1, z2, z3, z4) 7→ (s1, s2, s3, s4)
defines a homeomorphism as explained in Section 5.4. Since the si are invariant under co-
ordinate permutations, the induced action of N/G on C4 is given by
σ(s1, s2, s3, s4) = (i · s1,−s2,−i · s3,−s4).
It follows that R8/N ∼= C(S3 ∗ RP3). In particular, we have H2(S7/N) = H3(S7/N) = 0 by
the long exact sequence in [14, p. 117]. 
With the preceding two lemmas and the remarks above we obtain
Lemma 6.17. If our main result holds for all rotation groups of smaller order than M(Q8),
then it also holds for M(Q8).
Since we have by now treated all cases, our main result follows by induction.
7. Towards a classification free proof
As a corollary of our main result reflection-rotation groups share the following properties
(i) − (iii) (cf. Lemma 3.3). Property (i) generalizes an isotropy theorem by Steinberg on
unitary reflection groups [44, Thm. 1.5, p. 394] (cf. [3, Ch. V, Exercise 8] and [31] for
alternative proofs by Bourbaki and Lehrer).
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(i) Isotropy groups of reflection-rotation groups are generated by the reflections and
rotations they contain.
(ii) For a rotation group G < SOn we have
H∗(Sn−1/G;Z) = H∗(Sn−1;Z).
(iii) For a reflection-rotation group G < On that contains a reflection we have
H∗(Sn−1/G;Z) = H∗({∗};Z).
Conversely, these properties together with the PL h-cobordism theorem and some extra work
in low dimensions imply the if direction of our result by induction as explained in Section 5.3.
Hence, in order to essentially dispense with the classification of reflection-rotation groups in
the proof of our result one might first try to find conceptual proofs for properties (i), (ii) and
(iii) that do not depend on a classification of reflection-rotation groups.
A. Appendix
Classification of rotation-reflection groups. We provide the classification result from
[27] omitting details that are not needed in the present paper. For more detailed descriptions
we refer to the respective sections above and to [27].
Theorem A.1. Every irreducible rotation group occurs, up to conjugation, in precisely one
of the following cases.
(i) Orientation preserving subgroups W+ of irreducible real reflection groups W (Lem.
6.1).
(ii) Irreducible unitary reflection groups that are not the complexification of a real reflec-
tion group considered as real groups (Lem. 6.2).
(iii) The imprimitive rotation groups G+×(km, k, l) < SOn for n = 2l > 4, k ∈ {1, 2} and
km ≥ 3 (Lem. 6.9).
(iv) The unique extensionsW+× ofW+ by a normalizing rotation if such exists (Lem. 6.1).
(v) The following rotation groups M of type P5, P6, P7, P8, Q7, Q8, R5, S6 and T8.
More precisely (in the same order),
(a) monomial rotation groups M5, M6, M7, M8 (Lem. 6.8) and M
p
7 (Lem. 6.14)
and Mp8 (Lem. 6.17).
(b) primitive rotation groups R5(A5) (Lem. 6.11) and R6(PSL2(7)) (Lem. 6.13)
given as the image of the unique irreducible representations of A5 in SO5 and of
PSL2(7) in SO6,
(c) a primitive rotation group in SO8 isomorphic to an extension of the alternating
group A8 by a nonabelian group of order 28 (Lem. 6.14).
(vi) Other examples in dimension 4 (Lem. 6.4).
The references in the parentheses indicate where the respective group is treated in view of our
main result.
For a real reflection group W we denote by W× its unique extension by a normalizing
rotation, provided such exists, i.e. W× = 〈W+×,W 〉. For a monomial rotation group M
we denote by M× its extension by a coordinate reflection (cf. Section 6.5). Finally, for an
imprimitive rotation group of type G(km, k, l) let G×(km, k, l) be its extension by a reflection
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s of the form s(z1, . . . , zl) = (z1, z2, . . . , zl) (cf. Section 6.6). The following result holds (cf.
[27, Thm. 2]).
Theorem A.2. Every irreducible reflection-rotation group either appears in Theorem A.1 or
it contains a reflection and occurs, up to conjugation, in one of the following cases.
(i) Irreducible real reflection groups W (Lem. 6.1).
(ii) The groups W× generated by a reflection group W of type A4, D4, F4, A5 or E6 and
a normalizing rotation (Lem. 6.1).
(iii) The monomial groupsM× of type Dn, P5, P6, P7, P8, i.e. M×(Dn) := D(W (BCn))o
An, M×5 , M
×
6 , M
×
7 and M
×
8 (Lem. 6.8).
(iv) The imprimitive groups G×(km, k, l) < SOn with n = 2l, k = 1, 2 and km ≥ 3 (Lem.
6.9).
The references in the parentheses indicate where the respective group is treated in view of our
main result.
For a reducible reflection-rotation group G < On let Rn = V1⊕ . . .⊕Vk be a decomposition
into irreducible components, let Gi be the projection of G to O(Vi) and let Hi / Gi be the
normal subgroup of G generated by rotations in G that only act in Vi. Then the group Gi
is generated by its reflections and by Hi. If Gi does not split off as a direct factor, then
Gi contains a reflection and is thus distinct from Hi. Conversely, every pair M / Grr of an
irreducible reflection-rotation group Grr that contains a reflection and a normal subgroup
M /Grr generated by rotations such that Grr is generated by its reflections and by M occurs
in this way. The following theorem is proven in [27, Thm. 3] (cf. the remark following [27,
Thm. 3]).
Theorem A.3. Let Grr < On be an irreducible reflection-rotation group that contains a
reflection and let M / Grr be a nontrivial normal subgroup generated by rotations. If Grr is
generated by the reflections it contains and by M , then the pair M / Grr occurs in precisely
one of the following cases.
(i) M /M× for M = M5,M6,M7,M8,M(Dn) = W+(Dn) (Lem. 6.8)
(ii) G+×(km, k, l) / G×(km, k, l) for k = 1, 2, km ≥ 3 and n = 2l (Lem. 6.10)
(iii) G+×(2m, 2, l) / G×(2m, 1, l) for m ≥ 2 and n = 2l (Lem. 6.10)
(iv) W+ / W for any irreducible reflection group W . (Lem. 6.1)
(v) D(W+(BCn)) / W (BCn) (Lem. 6.7)
(vi) W+(Dn) / W (BCn) (Lem. 6.1)
(vii) D(W (Dn)) / W (Dn) (Lem. 6.7)
(viii) W+× / W× for a reflection group W of type A5 or E6. (Lem. 6.1)
(ix) Other examples in dimensions n ≤ 4 (Lem. 6.4)
In the lemmas referred to, we either show the existence of a nontrivial rotation group H /M
normalized by Grr for which the linearization principle can be applied to the groups H / Grr
directly or reduce such a claim to the validity of our main result for reflection-rotation groups
of order less than Grr.
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